Using projective limits as subsets of Cartesian products of homomorphisms from a lattice to the structure group, a consistent interaction measure and an infinite-dimensional calculus has been constructed for a theory of non-abelian generalized connections on a hypercubic lattice. Here, results are obtained for the mass gap when the structure group is compact.
Introduction
This paper is a complement to Ref. [1] , hereby refered to as (I). In (I), a sequence of hypercubic lattices in R 4 was constructed in such a way that any plaquette of edge 
Furthermore the sequence is also expanded to include larger and larger volume hypercubes. Let G be a compact group and p 0 a point that does not belong to any lattice point of the directed family. Assuming an analytic parametrization of each edge, associate to each edge l a p 0 -based loop and for each generalized connection A consider the holonomy h l (A). For definiteness each edge is considered to be oriented along the coordinates positive direction and the set of edges of the lattice Γ is denoted E (Γ). The set A Γ of generalized connections for the lattice hypercube Γ is the set of homor-
, obtained by associating to each edge the holonomy h l (·) on the associated p 0 -based loop. The set of gaugeindependent generalized connections A Γ /Ad is obtained factoring by the adjoint representation at p 0 , A Γ /Ad ∼ G #E(Γ) /Ad. However because, for gauge independent functions, integration in A Γ coincides with integration in A Γ /Ad , for simplicity, from now on one uses only A Γ . Finally one considers the projective limit A = lim ←− A Γ of the family
π ΓΓ ′ and π Γ denoting the surjective projections A Γ ′ −→ A Γ and A −→ A Γ . The projective limit of the family {A Γ , π ΓΓ ′ } is the subset A of the Cartesian product
the projective topology in A being the coarsest topology for which each π Γ mapping is continuous. For a compact group G, each A Γ is a compact Hausdorff space. Then A is also a compact Hausdorff space. In each A Γ one has a natural (Haar) normalized product measure ν Γ = µ
#E(Γ) H
, µ H being the normalized Haar measure in G. Then, according to a theorem of Prokhorov, as generalized by
for every Γ ′ ≻ Γ and every Borel set B in A Γ , there is a unique measure ν in A such that ν π 
p (A Γ ) being a continuous function in A Γ with the simplifying assumptions:
-p (A Γ ) is a product of plaquette functions
with
4 , h 1 to h 4 being the holonomies associated to the loops based on the links of a plaquette.
-p (·) is a central function, p (xy) = p (yx) or, equivalently p (y −1 xy) = p (x) with x, y ∈ G.
A solution that satisfies the consistency condition (4) is the choice of p (U ) as the heat kernel
each time one plaquette is subdivided. In (7), g ∈ G, β ∈ R + , Λ + is the set of highest weights, d λ and χ λ (·) the dimension and character of the λ−representation and c (λ) the spectrum of the Laplacian ∆ G := n i=1 χ 2 i , {χ i } being a basis for the Lie algebra of G.
Finally, one writes for the measure on the lattice Γ
and the consistency condition (4) being satisfied, a measure is also defined on the projective limit lattice, that is, on the projective limit generalized connections A. This measure has the required naive continuum limit, both for abelian and non-abelian theories. Furthermore by defining infinite-dimensional test functionals and distributions, a projective triplet was constructed which provides a framework to develop an infinite-dimensional calculus over the hypercubical lattice. In particular, this step is necessary to give a meaning to the density p (A Γ ) in the β → 0 limit, where p (A Γ ) would no longer be a continuous function. Thus p (A Γ ), a density that multiplies the Ashtekar-Lewandowski measure [4] [5] [6] , gains a distributional meaning in the framework of the projective triplet.
A theory being completely determined whenever its measure is specified, the construction in (I) provides a rigorous specification of a projective limit Yang-Mils theory for gauge fields over a compact group. Some of the consequences of this specification were already discussed in (I). Here I will analyse the nature of the mass gap which follows from the measure specification.
The mass gap
The experimental phenomenology of subnuclear physics provides evidence for the short range of strong interactions. Therefore, if unbroken non-abelian Yang-Mills is the theory of strong interactions, the Hamiltonian, associated to its measure, should have a positive mass gap. This important physical question has been addressed in many different ways by several authors. An interesting research approach [7] [8] considers the Riemannian geometry of the (lattice) gauge-orbit space to compute the Ricci curvature. The basic inspiration for this approach is the Bochner-Lichnérowicz [9] [10] inequality which states that if the Ricci curvature is bounded from below, then so is the first non-zero eigenvalue of the Laplace-Beltrami operator. The LaplaceBeltrami operator differs from the Yang-Mills Hamiltonian in that it lacks the chromo-magnetic term, but the hope is that in the relevant physical limit the chromo-electric term dominates the bound. An alternative possibility would be to generalize the Bochner-Lichnérowicz inequality.
Other approaches are based on attempts to solve the Dyson-Schwinger equation (see for example [11] [12] [13] ) on a set of exact solutions to the classical Yang-Mills theory [14] or on the ellipticity of the energy operator of cut-off Yang-Mills [15] [16] .
Once a consistent Euclidean Yang-Mills measure is obtained, the nature of the mass gap may be found either by computing the distance dependence of the correlation of two local operators or from the lower bound of the spectrum in the corresponding Hamiltonian theory. Here I will use the Hamiltonian approach using the fact that the Hamiltonian may be obtained from the knowledge of the ground state and the ground state may be obtained from the measure.
One of the axis directions in the lattice is chosen as the time direction. Then, recalling that at each step in the projective limit construction one has a finite-dimensional system, the ground state wave function Ψ 0 (θ (0)) at a particular configuration θ (0) at time zero is obtained by [17] [18]
where µ A (θ) is the Euclidean measure and θ and θ (0) stand respectively for the set of group configurations in the edges and for the set of group configurations in the time-zero slice.
In general the explicit computation of the integral in (10) is not easy. However, to study the nature of the mass gap a full calculation of the ground state wave function is not required. It uses the interpretation of elliptic operators as generators of a diffusion process [19] [20] and, in the limit of small β, the theory of small perturbations of dynamical systems [21] [22] .
The ground state in (10) may be used to develop the usual Hamiltonian approach to lattice theory, for which one uses notations similar to those of Chapter 15 in Ref. [23] , the main difference being that instead of constructing the Kogut-Susskind Hamiltonian from the Wilson action, one uses the ground state obtained from the measure. The Hamiltonian will be
The θ α j (l)'s are the Lie algebra coordinates of the group element exp iθ α j (l) τ α at each edge l of the time-zero slice of the lattice, the sum is over edges (l), lattice dimensions (j) and Lie algebra generators (α). g (β) is a coupling constant to be adjusted consistently to obtain the continuum limit. Recall that from (8) β → 0 as the length of the lattice edges ( (12) which, in particular, implies that the ground state energy E 0 is adjusted to zero.
Making the unitary transformation H g → H 
The second-order elliptic operator in (13) is the generator of the diffusion process dθ 
E θ denoting the expectation value for the process started from the θ configuration and τ the time of first exit from the domain D. The validity of this result hinges on the following condition (C1) The drift b and the diffusion matrix coefficient σ (g (a) δ ij in this case) must be uniformly Lipschitz continuous with exponent 0 < α ≤ 1 and σ positive definite. (17) is a powerful result which may be used to compute by numerical means the principal eigenvalue for arbitrary values of g 2 . However, a particularly useful situation is the small noise (small g limit). That the small noise limit corresponds to the continuum limit of the lattice theory follows from a consistency argument. Under suitable conditions, to be discussed below, the small noise limit of the lowest eigenvalue (the mass gap) of the operator βH
where V is the value of a functional. Hence, for the physical mass gap m to remain fixed when β → 0, it should also be g (β) → 0. Therefore the small noise limit is indeed the continuum limit.
In the small noise limit the mass gap may be obtained from the WentzellFreidlin estimates [21] [22] . Given a bounded domain D for the variables θ α j (l) define the functional
where χ (s ∈ [t 1 , t 2 ]) is a path from the configuration {θ} to the boundary ∂D of the domain D. Then let
be the infimum over all continuous paths that starting from the configuration {θ} hit the boundary ∂D in time less than or equal to t. A path is said to be a neutral path if I (t, {θ} , ∂D) = 0. The value of this functional is controlled by the nature of the deterministic dynamical system dθ
Assume the following aditional condition to be fulfilled: (C2) There are a number r of ω−limit sets K i of (21) in the domain D, with all points in each set K i being equivalent for the functional I, that is, I (t, x, y) = 0 if both x, y ∈ K i and b • ν > 0, ν being the inward normal to ∂D.
Then [19] [22] with
and
the lowest non-zero eigenvalue λ 0 satisfies
the symbol ≍ meaning logarithmic equivalence in the sense of large deviation theory. If the drift is the gradient of a function, as in (14), the quasi-potential V is simply obtained from the difference of the function at the ω−limit set and the minimum at the boundary. For details on the theory of small perturbations of dynamical systems as applied to the small β limit of lattice theory refer also to [26] where this technique was applied to an approximate ground state functional. Also [27] [28] [29] [30] provide details on how the ground state measure provides a complete specification of quantum theories both for local and non-local potentials.
Now the existence of a mass gap associated to the Hamiltonian (13), obtained from the measure (9) by (10), hinges on checking the above conditions (C1) and (C2). Inserting (9) into (10) one obtains
(24) g l being the group element associated to the edges and g p those associated to the ordered product of group elements around a plaquette, |Ψ 0 (g l (0))| being a function only of the group elements on the time slice. For practical calculations one makes a global lattice gauge fixing in (24) but for the present considerations this is not important.
In (24) the only free variables are the edge variables in the time slice or, more precicely, the angles of the maximal torus of the group element associated to the corresponding plaquettes. Smoothness of the heat kernel implies that the Leibnitz rule for derivation under the integral can be applied and the drift b α j (l) in (21) is also a smooth function. Therefore condition (C1) is satisfied. As for condition (C2) one knows that the heat kernel satisfies the following two-sided Gaussian estimate 1 B e, β 1 2 Av B(x,r) f being the average of f over the ball B (x, r). In particular if G is unimodular (B) holds. For a compact group (A) and (B) being satisfied, the two-sided estimate (25) holds. Therefore the dynamical system (21) has only one ω−limit set, the group identity, and one is in the situation of Eq.(23), V being obtained from the difference of the heat kernel at the identity and at the boundary of the domain. In conclusion:
Proposition: If G is a compact group, the Hamiltonian (15) obtained from the heat-kernel measure has a positive mass gap in the β → 0 limit, in the sense of Eq. (23) .
The existence of the projective limit measure and the projective triplet made in (I), as well as the characterization of the nature of the mass gap obtained here, provide a consistent construction of pure Yang-Mills. Of course, to scale up these results to a full undersatnding of QCD the role of fermions as well as of the non-generic strata [33] would be required. In particular the importance of these strata for the structure of low-lying excitations.
